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Fig. 2 Combustion-induced pressure distributions (//= stagnation
enthalpy, x- distance downstream of injector).

constant at the freestream value, the velocity profile was
linear from the centerline to the edge of the jet, and the
turbulent eddy viscosity was given by

t=Cb(ue-um)

where ue and um are freestream and centerline velocities,
respectively, and C is a constant. At the edge of the jet, d was
put equal to half the width of the jet, and midway between the
edge and the center, equal to 0.25 of half the width. The
actual density distribution was then calculated by assuming
that the Schwab-Zeldovich variables [cH + (CpT+
*/2U2\/bH\, (Cp + 8cH), and (c0+0.89 CJ varied linearly
with the velocity. Here T and u are the temperature and
velocity; Cp is the specific heat at constant pressure; A//is the
heat of combustion; and CH, c0, and Cw are the mass frac-
tions of H2, O2, and H2O, respectively. Using this density
together with the Howarth transformation, it was possible to
calculate the displacement thickness of the jet and then, by
assuming one-dimensional flow outside the jet, to make an
estimate of the pressure rise associated with this displacement
thickness.

As a check on the validity of this model, it was used to
calculate the fringe shift profile across the jet, as observed by
the interferometer at a station 33 mm downstream of the
injector. Results are compared with experiment in Fig. 1. The
fringe shift profile is adequately predicted for injection into
nitrogen flow, when no reactions occur, but when combustion
takes place, the strong negative fringe shift that is predicted
near the flame front does not occur. As shown in the figure,
better agreement can be obtained when dissociation of H2O in
this region is taken into account, especially when it is
remembered that the discontinuous change in velocity
gradient at the edge of the jet, which is assumed by the theory,
is smoothed out to a more gradual change in practice. Taking
account of H2O dissociation changed the displacement
thickness by less than 10%, and so this effect was ignored in
the calculations.

The pressure distributions calculated by this analysis are
presented in Fig. 2. The value of 0.02 for C was suggested by

examination of low-speed data,5 but the results indicate that,
at least when the hydrogen injection velocity is much less than
that of the freestream, as in these experiments, the same value
may be used to obtain rough estimates of jet combustion
behavior at high speeds.
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Introduction

A GREAT deal of attention has been given to free jet
flows where a pressure differential across the flow

profile causes the stream to curve and attach itself to an
adjacent wall. Such behavior by the jet is commonly referred
to as the "Coanda" effect in fluidic devices, but these fields
are also known to exist in flows associated with velocity
discontinuities around airfoils. Instances exist as well where
high temperatures and thermal radiation can be evident in
these flows so that it would be of interest to discover how heat
transfer capabilities in the thermal boundary layer are af-
fected by curvature.

A physical interpretation of the steady, two-dimensional,
incompressible flowfield and the boundary conditions which
apply can be visualized as follows. The moving fluid which
has already established a fully developed flow profile
possesses a freestream velocity £/max and a bulk fluid tem-
perature T^ before it reaches a region of stagnant fluid,
which has velocity u = 0 and a bulk fluid temperature Ts. A
short distance, x0, beyond this point of issue where the
curvature is R0, entrainment of the stagnant fluid causes
alteration of the velocity and temperature profiles such that at
large negative values of y (y^ — °°), u = 0 and T=TS.
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Alternately, at large positive values of y 0>-*
freestream conditions again prevail. Constant curvature along
the major streamline,1"3 which serves as the abscissa in the
curvilinear coordinate system, provides that the velocity
normal to the direction of flow (v) is also zero at this point.

Analysis
Williams et al.1 have provided a similarity analysis for

laminar and turbulent velocity profiles that can be applied to
this problem. They used the transformation parameters

\!s=(U1vx)!/2f(7]) with r j = y ( U } / v x ) ' A

where R= (R0/x)'/2 for the laminar case, and

t = l/21/2[(x/u)U]f(ri)] with ri = 21/2(u/x)y

where R = R0/x for the turbulent case. Both sets of trans-
formation parameters produce a transformed differential
equation of the form

'/" + f f " + (H (/' 2 + 2nf'f" )=0 (la)

with the transformed boundary conditions being given by

f(0)=0, limf'(ri)=0 and for large rj+: /"//' = -(R (lb)
7J--00

The similarity curvature parameter is given by

( R = ( R 0 v / U ] ) ! / 2 and (R = R0u/2!/2

for the laminar and turbulent cases, respectively.
The Rosseland approximation for the radiative heat flux in

an optically thick medium,4 given by the expression

_ ~4\2a 8T4

Qr— — ; — ~r —3K dy

can be used in the energy equation to provide the relation for
which a solution is sought, namely,

dT 8T 32T 4\2o
(2)

Laminar Flowfields
If it is assumed, as before, that the similarity stream

function \l/ is still valid, and T4 is linearized through ex-
pansion about r^, the transformed energy equation can be
nondimensionalized using the Prandtl number, conduction-
to-radiation parameter, and dimensionless temperature.
These are, respectively,

so that the resulting expression becomes

('*£) *¥•-
with boundary conditions

O'=0, ' =0

(3a)

(3b)

Turbulent Flowfields
Introduction of the turbulent eddy viscosity e, turbulent

conductivity TT, and turbulent Prandtl number, which are
given by1'5

e = czxUmax=AT/p, <* = CpAq, Pt=AT/Aq

will provide the means to transform the energy equation. AT
and Aq above are conductivity and viscosity constants
dependent upon the level of turbulence in the flow.
Evaluation of the mixing length constant cz and the free
constant co2 as 1/729 and 129U1/Umax, respectively,1 yields
the following result after nondimensionalizing in a manner
similar to that used in Eqs. (3a) and (3b):

(4)

with boundary conditions identical to those in Eq. (3b).

Discussion of Results
When no radiative contribution to the thermal boundary

layer is evident (7V=oo), increases in (R cause an ac-
companying increase in the extent of the boundary layer

Table 1 Thermal boundary layer data comparison

N=oo

7V=1.0

7V=0.5a

Data set
No.

1
2
3
4
5

1
2
3
4
5

1
2
2*
3
3*
4
4*
5

0(0)
0.586
0.586
0.586
0.586
0.587

0.631
0.631
0.631
0.631
0.629

0.661
0.661
0.660
0.660
0.655
0.655
0.650
0.649

+ ^edge

4.100
4.100
4.100
4.400
4.800

6.000
6.000
6.100
6.500
7.000

7.900
7.400
7.900
7.700

14.800
8.600

10.800
9.500

0edge

0.99861E + 0
0.99863E + 0
0.99823E + 0
0.9975 IE + 0
0.99700E + 0

0.99745E + 0
0.99757E + 0
0.99856E + 0
0.10014E+1
0.10013E+1

0.99697E + 0
0.99806E + 0
0.99738E + 0
0.10011E + 1
0.99683E + 0
0.10012E+1
0.99704E + 0
0.10007E+1

0'(0)

0.26080E + 0
0.26077E + 0
0.2605 IE + 0
0.25986E + 0
0.25841E + 0

0.15657E + 0
0.15655E + 0
0.15627E + 0
0.15560E + 0
0.15366E + 0

0.11610E + 0
0.11608E + 0
0.11590E + 0
0.11568E + 0
0.11477E + 0
0.11412E + 0
0.11329E + 0
0.11186E + 0

(R

0.0
l .Ox lO- 3

1.0xlO~2

4 .0x lO~ 2

l . O x l O " 1

0.0
l .Ox lO- 3

l .Ox lO- 2

4.0xlO-2

l .OxlO- 1

0.0
l . O x l O - 3

l .Ox lO- 3

l .Ox lO- 2

l .OxlO- 2

4.0X10-2

4.0xlO-2

l .Ox lO- 1

aData sets shown with asterisks (*) denote those which were calculated using overlap conditions to
show transition from one value of (R to the next.
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Fig. 1 Temperature profiles for
varying curvature parameter (R.
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toward the freestream, as indicated by the values for 4- i7edge in
Table 1. It would be well to remark here that solution of the
nondimensionalized momentum and energy equations in-
volved a three-point boundary condition, one each given in
the problem statement for + oo and — oo, and one chosen at
rj = 0 and adjusted in a manner to assure satisfaction of the
given constraints within a desired limit of error.6 Thus it is
inferred from the data in Table 1 that the increase in the
major streamline temperature, 0(0), was necessary to assure
that the other stated boundary conditions are met.

In the examination of data for equal conductive and
radiative effects (7V=1.0), the trend of boundary-layer ex-
tension with increased curvature is again evident. The overall
thickness of the boundary layer without regard to curvature is
also seen to be greater than for the case where N=<x>. An
opposite effect on the major streamline temperature is
evidenced in the limit of extreme curvature, however, as this
value is shown to decrease.

The radiative boundary layer (7V=0.5) displays a sensitivity
to curvature that grows more pronounced as the value of (R
increases. This condition required special treatment in order

to establish a trend. An overlapping technique taking ad-
vantage of the error limit set on the value of 6(0) was em-
ployed by determining 0edge with two slightly different values
of 0(0) for each given (R between 0.0 and l .Ox. lQ- 1 .
Therefore, the asterisked data sets in the table represent
situations where transitions from one value of (R to the next
larger one are accomplished by "overlapping" the error
bound for the respective unasterisked data set (i.e., data set 2*
overlaps data set 2 within ±A0 to satisfy asymptotic bound-
ary condition). This method produces some fluctuation in the
values for +i?edge, but the trend of decrease in boundary-layer
thickness with increase in (R is clearly evident if one studies
the data relative to what occurs across the overlap regions.
The observed result is opposite to that obtained for either
situation where 7V=oo or N=\.Q. Figure 1 is a graphic
comparison of temperature profiles for all three values of N
reported in the tabulated data.

Results in Fig. 2 showing the Nusselt number to Reynolds
number ratio,

<«>
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as a function of curvature indicate that curvature affects heat
flux across the major streamline very little. In fact, the curve
for 7V= oo is nearly flat and the curves for N= 1.0 and 0.5 also
show very nearly linear relationships, except in the region of
curvature between 10~2 and 10"1.

Summary
The results can be explained in part through examination of

the transport processes evident in the flow. Study of the
velocity profiles provided in Ref. 1 indicates that fluid motion
in the jet boundary decreases more sharply toward the
freestream as more severe curvature constraints are placed on
the system. When conduction is predominant, the slower-
moving fluid will have an adverse effect on convective trans-
fers toward the stagnation region with a resulting decrease in
the heat transfer across the major streamline and increase in
boundary layer depth. If curvature constraints are severe,
wall attachment of the jet could cause enhanced mixing of the
two fluid layers, in effect raising the stagnation temperature
from the vantage point of the major streamline and forcing a
resultant temperature rise at the major streamline.

In the case of predominant radiation, the subsequent
reductions of temperature gradient and heat flux across the
major streamline can once again be explained with effects of

curvature on convective transfers. Lowered velocities in the
flowfield reduce the capability for fluid particles to interact.
The restrictions inherent in the optically thick approximation
require that decreased fluid mobility retard emission and
absorption of thermal radiation, which would obviously
reduce the extent of the thermal boundary layer.
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